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Part 1

Motivation & Background



Multi-view data: same objects, multiple representations…

Multi-view data
■ Multiple modalities:

text, hyperlinks, image, audio…

■ Multiple measuring instruments/sensors

■ Multiple feature extractions or

preprocessings

Approaches to combine views
■ Representation fusion
■ Representation alignment

Tasks
■ Manifold/graph learning

■ Data clustering

web document
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Multi-view data: same objects, multiple representations…

Challenges
■ Concatenation meltdown:

fusing inhomogeneous representations –

different dimensions, sparsity, structure

■ Superposition

■ Fusion stage: early- vs. late-fusion

web document
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Multi-view data: same objects, multiple representations…

Challenges
■ Concatenation meltdown:

fusing inhomogenous representations –

different dimensions, sparsity, structure

■ Superposition

■ Fusion stage: early- vs. late-fusion

■ Generating new views

■ Finding a common representation space
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Multi-view data: same objects, multiple representations…

Challenges
■ Concatenation meltdown:

fusing inhomogenous representations –

different dimensions, sparsity, structure

■ Superposition

■ Fusion stage: early- vs. late-fusion

■ Generating new views

■ Finding a common representation space

■ Common latent manifold assumption

M

M1 M2 M3

ι(1) ι(2) ι(3)

Φ1,3

M: latent common manifold

Mi : observed view deriving by a smooth embedding of M;

those manifolds are diffeomorphic to each other
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Why diffusion-based methods for multi-view data?

Diffusion-based methods
■ Rooted on Markov chains, specifically

random walks

■ Random walks on K-NN graphs reveal

multi-scale structure

■ Heat-kernel intuition: powers of a

similarity operator denoise it by
emphasizing low-freq. eigenvectors

(implicit spectral analysis)

…
■ Fuse data in an operator space

(e.g. similarity matrix/graph)

and not in the original feature space

■ Can handle both point-cloud data and

graphs

■ Reliable, interpretable, long history in

clustering, manifold learning, viz.

[Coifman and Lafon, 2006, Haghverdi et al., 2015]

Well-defined and well-behaved in the single-view case,
challenging generalization to multiple views.
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Single-view Diffusion Maps

From point-cloud data to an operator
■ Kernel Kij = κ(xi, xj), x: datapoints
■ Degree matrix D = diag(K 1N×N )

■ Diffusion operator (row-stochastic):

P = D−1K ∈ RN×N

■ Pt
: homogeneous Markov chain after t steps

Diffusion distance(
Dt(i, j)

)
2

=
∑
k

1

π(k)
(
[Pt ]ik − [Pt ]jk

)
2

π: the stationary distribution of the Markov chain

Diffusion Map embedding
Eigendecomposition P = UΛUT

:

Ψt(xi) = eTi UΛt

Isometry property:

Dt(i, j) =
∥∥Ψt(xi)−Ψt(xj)

∥∥
In practice
Truncation (l) and time selection (t)

Ψl,t(xi) = [λt
1
u1(i), ..., λt

lul(i)]
T

□□□ short t → local structure

□□□ long t → global structure

□□□ t → ∞: rank-1 limit is Pt = 1πT
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Speaking visual

P1 P2 P3 P4 P10

. . .

. . .
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Existing multi-view diffusion methods: fixed designs!

Setting: Aligned views {Xv}Vv=1
with operators Pc = {Pv}Vv=1

(canonical set)

Existing operator-based methods build a single composite operator Q

Alternating Diffusion (AD): QAD = P1P2
[Katz et al., 2019]

Integrated Diffusion (ID): QID = Pt1
1

Pt2
2

[Kuchroo et al., 2022]

Multi-View Diffusion (MVD): KMVD =
[

0 K1K2

K2K1 0

]
[Lindenbaum et al., 2020]

QMVD = D−1

MVD
KMVD

Cross-Diffusion (Cr-Diff): they use PT
v , hence depart from row-stochasticity

Composite Diffusion (Com-Diff) [Wang et al., 2012, Shnitzer et al., 2018]

Each is a single fixed rule for fusing views
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Conceptual limitation

Why this fixed rule?
■ No theoretical or empirical reason this rule generalizes to arbitrary data

■ Limited understanding of the associated operator spaces
for comparing, learning, or sampling strategies

■ No neutral baseline for evaluating sophisticated designs

The proposed framework
A stochastic view-interwining process that turns

these fixed rules into points in a rich operator space

Method Row-stoch. Scales w/ V Tunable t Real eigvals ⊂ MDT

AD ✓ ✓ – – ✓
ID ✓ ✓ ✓ – ✓

MVD ✓ ∼ – ✓ –

Cr-Diff – ✓ – – –

Com-Diff – – – ✓ –

MDT (ours) ✓ ✓ ✓ – –
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Part 2

The MDT Framework



Core concept: Multi-view Diffusion Trajectory (MDT)

Set of base operators (P)

P1

P2

P3

Drawing a sequence

Trajectory (Wt, ...,W2,W1 ∈P)

W1
Matrix product

W(t)

MDT operator

■ V = 1: W(t) = Pt → classical Diffusion

Maps recovered

■ V > 1: each Wi specifies the view diffusion

occurs in at step i
■ Same base operators P, but different

trajectories yield different geometries
→ P spans a rich operator space

Main technical challenge
Matrix multiplication is non-commutative

→ the order of operators matters;

the process becomes time-inhomogeneous
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Probabilistic interpretation

An MDT trajectory (Ws)
t
s=1

defines a time-inhomogeneous Markov chain (Xs)
t
s=0

on the datapoints:

1-step transition (at step s): [Ws]ij = P(Xs = j | Xs−1 = i)

t-step transition: [W(t)]ij = P(Xt = j | X0 = i)

■ At each step s, the law of the walk can change (a different Ws is in effect)

■ The walk explores the data across multiple views over time

■ The trajectory space is explored based on the transition law…

→ evidently richer than choosing a single Q
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The MDT space

MDT trajectory space: P+ =
⋃

t≥0
Pt

…all any-length trajectories over P

MDT operator space: W= {W(t) | t ≥ 1, Wi ∈ P} …all induced MDT operators

Designs
■ Discrete P: the number of length-t trajectories grows with |P|t
■ Continuous Pcvx: a smooth manifold of operators over the base set P

Pcvx =
{ V∑

v=1

avPv

∣∣∣ av ≥ 0,
∑
v

av = 1

}
□□□ Each step is a convex combination of views

□□□ V − 1 degrees of freedom per step under simplex constraint

□□□ Smooth space → gradient-based optimization possible

□□□ Generalizes the PageRank random walk to multi-view

Space richness
The MDT operator space W is large and rich.

We can search, sample, and learnMDTs.
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Discrete trajectory space as a |P|-ary tree

View 0
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View 2
Starting node
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Discrete MDTs as paths
■ Root: identity matrix

■ Depth is the trajectory length

■ Branching at depth i:
choose Wi ∈ P

■ Short trajectories: local structure

■ Long trajectories: global structure

common to multiple views

■ No need to choose the fusion stage

(this is decided by the optimization)

■ Path→ geometry→ quality
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Basic properties

Assume every P ∈ P is row-stochastic with strictly positive diagonal,

and the associated Markov chains are aperiodic and irreducible

Stability of aperiodicity and irreducibility
Any product W(t) ∈ Wdefines an aperiodic and irreducible chain

Stationary distribution and convergence
(i) Each W(t) ∈ Wadmits a unique stationary distribution πt : i.e. πTt W(t) = πTt

(ii) As t → ∞, W(t) → 1πT∞ (rank one)

Caveats vs single-view DM
■ W(t)

generally not self-adjoint in ⟨·, ·⟩
1/πt , and not reversible, i.e. πTt W(t) ̸= W(t)πt

■ Decay of singular values of W(t)
may be non-monotonic in t

■ Convergence rate depends on the trajectory chosen

18 / 47



Trajectory-dependent diffusion geometry

Trajectory-dependent diffusion distance
Let πt be the stationary distribution of W(t)

, then

DW(t)(xi, xj) =
N∑

k=1

1

πt(k)
(
W(t)

ik − W(t)
jk

)
2

Embedding
Since W(t)

is generally not symmetric, we employ the SVD W(t) = UtΣtVT
t :

Ψ(t)(xi) = eTi UtΣt

Diffusion distance preservation

DW(t)(xi, xj) =
∥∥∥Ψ(t)(xi)− Ψ(t)(xj)

∥∥∥
■ Generalizes classical Diffusion Maps (eigen) to the inhomogeneous case (SVD)

■ SVD truncation yields robust embeddings (denoising via top singular components)
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Part 3

Sampling and Learning of Trajectories



Sampling and learning in the MDT space

Sampling MDTs
Draw Wi ∼ µi independently with

supp(µi) ⊆ P, where µi is a prob. distribution

Use-cases
(i) Random baseline (MDT-Rand)

(ii) Data augmentation (sample V ′ > V views)

(iii) Data summarization (sample V ′ < V views)

Discrete-time Markov Jump Process over P
If µi = µ for all i and the operators are i.i.d., the

MJP process becomes time-homogeneous and

the expected operator is:

E[W(t)] = (Eµ[W])t

Learning MDTs
Optimize an task-specific quality criterion Q:
W⋆ ∈ argmaxW∈W Q(W)

Strategies
■ Discrete space

→ Beam-Search, ϵ-greedy, MCTS, Direct

■ Continuous space
→ ADAM, Bayesian/evolutionary methods

What constrains the search
■ Expressiveness of P

■ Diffusion time t
■ The trajectory itself

(while it’s being developed)
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Random MDTs as a principled baseline

Why random MDTs are a natural reference
■ Parametrized only by P and sampling distribution – minimal assumptions

■ Unbiased mixture over view interactions

■ Computationally cheap (no optimization)

Performance Ratio to Random (PRR)

PRR(method,Q) =
Q(method)

Q(Eµ[W(t)])

where Eµ[W(t)] uses µ uniform on the canonical set Pc:

Eµ[W(t)] =

(
1

|Pc|
∑
P∈Pc

P
)t
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Selecting the diffusion time t

Singular Entropy (SE)
For a matrix A with normalized singular values

σ̃i(A) = σi(A)/
∑

j σj(A), σ1(A) ≥ ... ≥ σN (A):

SE(A) = −
N∑
i=1

σ̃i(A) log σ̃i(A)

■ The spectrum of W(t)
gets concentrated

(non-monotinically) with t
→ dominant structure emerges

■ Choose t at the elbow point
■ For stability, evaluate offline and generically,

on the expected operator under µ uniform

over the canonical set Pc: Eµ[W(t)].
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Singular Entropy of E[W(t)]
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Quality measures and MDT variants

Unsupervised quality measures
■ For clustering – Multi-view Calinski–Harabasz (MvCH):

∑
v τv · CH(Xv ,C(M))

Ratio of between- to within-cluster scatter

■ For manifold learning – Contrastive (CST):
∑

v τv
∑

i

∑
j∈Ni(v)

− log
exp(Mij)∑
k ̸=i exp(Mik)

Rncourages local neighborhood agreement

■ Weights are τv = 1/V when no prior on view importance

Variant Trajectory space Quality Optimizer Task

MDT-Rand P+
c – – Random baseline

MDT-Cvx-Rand P+
cvx – – Random baseline

MDT-Cst P+
cvx CST ADAM Manifold learning

MDT-Direct P+
CH Direct Clustering

MDT-Beam P+
CH Beam-Search Clustering
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Part 4

Experiments



Experimental setup

Datasets (synthetic + real, V ∈ {2, ..., 6})
■ Manifold: Helix-A, Helix-B [Lindenbaum et al., 2020],

Deformed-Plane (ours)

■ Clustering: K-MvMNIST [Kuchroo et al., 2022],

L-MvMNIST [Lindenbaum et al., 2020], Olivetti, Yale,

100Leaves, L-Isolet, MSRC, Multi-Feat,

Caltech101-7

Preprocessing
■ Gaussian kernel, max-min bandwidth

■ K-NN graph with K = ⌈logN⌉
■ Time parameter t via the elbow of SE

Baselines compared against
■ Diffusion: AD, ID, p-AD, MVD, Cr-Diff,

Com-Diff

■ Non-diffusion: GCCA [Afshin-Pour et al., 2012],

MVSC [Kumar et al., 2011]

Evaluation metrics
■ Manifold: Trustworthiness, Continuity

[Venna and Kaski, 2001]

■ Clustering: Adjusted Mutual Information

■ Across methods: PRR vs MDT-Rand

Higher values are better

100 runs per setting, mean ± std reported
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Manifold learning results
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Method Deformed Plane Helix-A Helix-B PRR
Trust. Cont. Trust. Cont. Trust. Cont. Trust. Cont.

AD 95.95 98.36 99.19 99.74 99.52 100.00 1.01 1.00

MVD 75.34 93.71 99.47 99.80 82.35 99.88 0.88 0.99

ID 89.80 96.09 99.69 99.91 99.84 100.00 0.99 0.99

MDT-Cst 98.49 99.31 99.83 99.92 100.00 100.00 1.02 1.01
MDT-Cvx-Rand 95.85 98.54 99.66 99.86 100.00 100.00 1.01 1.00

MDT-Rand 92.31 97.87 99.65 99.86 100.00 100.00 1.00 1.00
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Clustering results

Method K-MvMNIST L-MvMNIST Olivetti Yale 100Leaves L-Isolet MSRC Multi-Feat Caltech101-7 PRR

GCCA 46.0 43.5 69.7 46.8 87.8 70.8 64.7 63.6 26.4 0.84

MVSC 37.3 32.1 80.2 59.4 93.2 75.8 73.1 80.7 40.2 0.93

Cr-Diff 66.6 59.5 71.8 56.2 44.4 79.8 48.3 76.9 65.9 0.93

AD 66.3 61.0 75.1 58.0 80.0 77.2 50.0 83.0 56.7 0.99

MVD 68.8 61.6 75.8 56.6 82.4 8.0 48.8 82.5 56.1 0.90

ID 68.8 61.5 75.0 52.4 73.8 79.8 35.2 83.4 45.8 0.93

p-AD 68.8 62.1 75.5 57.7 69.9 78.8 41.0 81.9 58.2 0.97

MDT-Direct 68.5 62.2 76.9 59.4 91.4 77.9 76.2 85.4 63.6 1.08
MDT-Beam 68.4 61.8 75.1 58.6 61.7 79.6 73.7 87.3 64.1 1.03

MDT-Cvx-Rand 68.5 61.7 76.5 58.7 86.2 78.0 74.6 84.8 63.5 1.07

MDT-Rand 68.2 61.3 76.0 57.1 70.5 77.8 61.3 80.3 58.6 1.00

■ The table reports average AMI and PRR scores across 9 datasets

■ MDT-Direct wins on 5/9 datasets, ranks 2nd in one case

■ Convex variants (MDT-Cvx-Rand, MDT-Direct) consistently strong→ design of Pmatters

■ MDT-Beam adapts t per dataset; can be misled when CH disagrees with labels (100Leaves)
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Clustering results: Robustness to noise
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Findings
■ K-MvMNIST: methods that weight views (ID, MDT-Direct, MDT-Beam) decay more gracefully than

uniform-treatment ones

■ L-MvMNIST: all methods drop similarly – no view can compensate

■ Optimized MDT variants leverage informative views while reducing impact of noisier ones
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Clustering results: Random MDTs are hard to beat

|……..MDT variants………|…Existing diffusion-based methods…|
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Findings

■ All three learned MDT variants

beat the MDT-Rand baseline

→MDT learning has an effect

■ All existing diffusion-based

methods do not beat MDT-Rand

on average

→ Some of them look into a tiny

slice of the MDT operator space

Implications
MDT-Rand is a fair, principled, cheap

yet hard-to-beat reference for future

multi-view diffusion benchmarks
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Clustering results: MDTs as a data augmentation tool

Recipe
■ Sample V ′ > V random MDTs from Pcvx, no optimization (below, we sample V ′ = 10 views)

■ Use them as augmented input views for non-diffusion multi-view methods

Method K-MvMNIST L-MvMNIST Olivetti Yale 100Leaves L-Isolet Multi-Feat Caltech101-7

GCCA 46.0 43.5 69.7 46.8 87.8 70.8 63.6 26.4

GCCA + MDT 69.3 61.4 80.0 59.2 92.0 77.3 83.0 56.7

MVSC 37.3 32.1 80.2 59.4 93.2 75.8 80.7 40.2

MVSC + MDT 68.0 57.7 80.2 58.8 95.1 77.7 90.2 55.4

Findings
■ Substantial gains on noisy/hard datasets (e.g. +23% AMI for GCCA on K-MvMNIST)

■ Non-diffusion methods benefit from MDT-augmented views

→ Wcontains many high-quality data representations, not specific to diffusion-based pipelines

■ Cheap: V ′
samples without optimization
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Runtime analysis
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Findings
■ Dominant cost: SVD of W(t)

– standard for diffusion methods

■ Sampling random MDTs is essentially free once P is built

■ Direct and Beam-Search add overhead, but scale well with t ·|P| when modest
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Part 5

Conclusions



Summary

Multi-view Diffusion Trajectories (MDTs)
A unified, flexible framework for operator-based multi-view diffusion geometry

through time-inhomogeneous random walks intertwining the views

■ Framework: rich MDT operator space encompassing a number of existing approaches;

discrete and convex designs.

■ Theory: ergodicity, stationary distributions, trajectory-dependent diffusion distances and

embeddings via SVD

■ Sampling: random MDTs as a principled neutral baseline, and as a data-augmentation tool.

■ Learning: unsupervised trajectory optimization via task-related internal quality metrics

■ MDT in practice: Results in manifold learning and clustering

■ Empirical finding: random MDTs outperform sophisticated existing methods
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Thank you!
Questions?

Code is available online

See also our recent works:

Parametrized Power-Iteration Clustering (2026).
G. Debaussart-Joniec, H. Sevi, M. Jonckheere, and A. Kalogeratos, ICML (to appear)

Generalized Dirichlet Energy and Graph Laplacians for Clustering Directed and Undirected Graphs (2025).
H. Sevi, G. Debaussart-Joniec, M. Hacini, M. Jonckheere, and A. Kalogeratos, Under journal review

This work: Multi-view Diffusion Geometry via Intertwined Diffusion Trajectories (2025).
G. Debaussart-Joniec and Argyris Kalogeratos, Under journal review
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Appendix

Supplementary slides
Reference material for Q&A



A1. Designs for the operator set P

Discrete designs – countable P:

■ Canonical set Pc = {Pv}Vv=1

■ Identity IN – “idle” step

■ Uniform rank-one Ξ = 1

N 11T – teleportation

■ PageRank-style Ppr,v(a) = aPv + (1− a)Ξ
■ Smoothed Pt′

v for small t′ ∈ N∗

Continuous designs – P a continuous set:

Pcvx =
{ V∑

v=1

avPv

∣∣∣ av ≥ 0,
∑
v

av = 1

}
■ Each step is a convex combination of views.

■ V − 1 degrees of freedom per step under simplex constraint.

■ Smooth space ⇒ gradient-based optimization possible.

Naturally generalises the PageRank random walk to multi-view.
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A2. Unification: existing methods are special MDT cases

Encompassed by MDT (with the canonical set Pc):

Alternating Diffusion : Wi = P(i mod V)+1
, W(Vt) = AD at time t

Integrated Diffusion : W(t1+t2) = Pt1
1

Pt2
2

(ID = AD on iterated operators {Ptv
v })

PageRank-MDT : Wi =
∑

v ai,v Ppr,v(α)
– interpolates between view-specific and global diffusion

Not in MDT (use backward operators or larger composite matrices):

MVD– builds a 2N×2N operator

Cr-Diff, Com-Diff– rely on PT
v

Fixed designs optimize over a tiny slice of W.

Searching the full space should do at least as well.
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A2. Existing operators in detail
[supplementary]

Alternating Diffusion [Katz et al., 2019]: QAD = P1P2

Integrated Diffusion [Kuchroo et al., 2022]: QID = Pt1
1

Pt2
2

(denoise per view, then alternate)

Multi-View Diffusion [Lindenbaum et al., 2020]:

KMVD =
[

0 K1K2

K2K1 0

]
, QMVD = D−1

MVD
KMVD (2N × 2N )

Cross-Diffusion [Wang et al., 2012]:

Q(t+1)
Cr-Diff,1 = P1Q

(t)
Cr-Diff,2P

T
2
, Q(t+1)

Cr-Diff,2 = P2Q
(t)
Cr-Diff,1P

T
2

Composite Diffusion [Shnitzer et al., 2018]:

QCom-Diff,1 = P2PT
1
+ P1PT

2
(sym., real eigs.), QCom-Diff,2 = P2PT

1
− P1PT

2
(anti-sym.)

Caveat. Iterating row-stochastic matrices: PQT
is generally not stochastic; Cr-Diff and Com-Diff

therefore depart from the random-walk framework.
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A4. Sketch: stability of aperiodicity & irreducibility
[supplementary]

Claim. If every P ∈ P is row-stochastic with strictly positive diagonal and defines an aperiodic,

irreducible chain, then any W(t) ∈ Wdoes too.

Aperiodicity. Positive diagonal entries of each Wi allow “self-transitions” at every step. Their

left-product preserves the existence of 1-step self-loops:

[W(t)]ii ≥
t∏

s=1

[Ws]ii > 0.

Hence gcd of return times is 1⇒ aperiodic.

Irreducibility. For each Ws , there exists τs ∈ N such that [Wτs
s ]ij > 0 for every i, j. Choosing

trajectory segments alternating well-mixing operators preserves reachability in the product.

Formally, given any pair (i, j), there is a finite path through intermediate states whose probability

under W(t)
is bounded below by a product of strictly positive entries.

Consequence. W(t)
admits a unique stationary πt ; iterating beyond t keeps the chain ergodic,

hence W(t) → 1πT∞ as t → ∞.

Full proofs in Appendix C of the paper.
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A5. Sketch: SVD-based diffusion-map isometry
[supplementary]

Claim. For W(t) ∈ Wwith SVD W(t) = UtΣtVT
t and Ψ(t)(xi) = eTi UtΣt ,

DW(t)(xi, xj)2 =
∥∥∥Ψ(t)(xi)− Ψ(t)(xj)

∥∥∥2
2

.

Sketch. Write the trajectory distance using rows of W(t)
:

DW(t)(xi, xj)2 = (ei − ej)TW(t) Π−1 W(t)T(ei − ej),

where Π = diag(πt) encodes the stationary weighting.

Substituting the SVD and using VT
tΠ−1Vt ≈ I (under the assumed weighting; see paper for the

precise identity):

DW(t)(xi, xj)2 = (ei − ej)TUtΣ2

t U
T
t (ei − ej) =

∥∥eTi UtΣt − eTj UtΣt
∥∥2 .

The right-hand side is exactly

∥∥Ψ(t)(xi)− Ψ(t)(xj)
∥∥2
. □

Why SVD, not eigendecomposition? W(t)
is generally non-symmetric (time-inhomogeneous

product), so eigendecomposition may be complex-valued; SVD always exists in R.
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A5. Singular Entropy curves – time selection
[supplementary]
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Helix-A: SE of Eµ[W(t)] vs. t. Dashed line:

elbow (t⋆).
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K-MvMNIST (noise factor 0.5): SE of Eµ[W(t)]

vs. t.

Reading the curves
■ Plateau at large t → approaching rank-one regime; SE→ 0

■ Elbow→ best balance between noise reduction and information retention

■ Evaluating on the expected operator Eµ[W(t)] removes per-trajectory fluctuations

Elbow detection via Kneed [Satopaa et al., 2011].
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A6. Per-view AMI – the difficulty of each view
[supplementary]
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Caltech101-7 Yale MSRC Multi-Feat

Findings
■ Some datasets have a clearly dominant view (Caltech101-7, Yale)

■ Others have views of comparable quality (Multi-Feat) – fusion gains come from combining, not from
pickin

■ Identifying the best view in an unsupervised way is generally infeasible⇒ a method that adapts to

view quality is needed
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A8. Sensitivity to the internal criterion
[supplementary]
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Findings
■ CH is robust but not universally best – DBS or SIL can be preferable for some datasets

■ Optimizing one internal criterion does not automatically maximize another (or AMI)

■ On 100Leaves, the true-label structure disagrees with internal-metric structure

→ explains the MDT-Beam miss
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A10. Detailed Helix embeddings
[supplementary]

Helix-A (left col.) – Helix-B (right col.)
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